In modular representation theory of a finite group the theory of Green vertices plays an important role. In the representation theory of finite groups with split BN-pairs Harish-Chandra induction has become one of the most important tools in the last decades. This paper will show how the combination of both gives new insight into the modular representation theory of these groups. ᮊ
INTRODUCTION
Harish-Chandra theory plays an important role in ordinary representation theory of finite groups of Lie type. In the last few years it also has been applied in modular representation theory of these groups in non-defining characteristics. For example, it has been shown that there is a notion w x of Harish-Chandra series of Brauer characters 27 .
Let G be a finite group of Lie type, and let k be a splitting field of G of Ž . characteristic l different from the defining characteristic of G. For a split Levi subgroup L of G and a kL-module X, we denote by R G X the L kG-module obtained from X by Harish-Chandra induction. If Y is an indecomposable kG-module, a minimal Levi subgroup L such that Y is a direct summand of a module of the form R G X is uniquely determined up L w x to conjugation and is called the Harish-Chandra vertex of Y 13 . Similarly, if Y is a simple kG-module, a minimal Levi subgroup L such that Y is a top composition factor of a module of the form R G X is uniquely deter-L w x mined up to conjugation 27, 13 . These results are completely analogous to Green's vertex theory for indecomposable modules, and indeed are proved similarly. It is the purpose of this article to compare the theory of Green vertices and Harish-Chandra induction. In the more general setting Ž . of a finite group with split BN-pair, in the first and main part far reaching results are derived by combining these two theories. In particular, the structure of the endomorphism ring of R G X can be investigated by use L of Green correspondence. Some of the most powerful theorems in representations theory are related to Green and Brauer correspondence. One of the main problems in applying them is to decide whether a subgroup H F G contains the normalizer in G of some l-subgroup D. As Theorem 1.3.3 shows, this problem can be reduce in the case of a finite group with split BN-pair to decide whether H contains the centralizer in G of D. Suppose that Green correspondence is defined between G and H with respect to D, and consider the categories of relatively D-projective kG-respectively kHmodules. Then Green correspondence does in general not give an equivalence between these two categories, but only an equivalence of quotients modulo some full subcategories C C and C C , generated by the modules H G which are relatively projective with respect to a certain set of subgroups of D. However, if H s L is a Levi subgroup of G, Proposition 1.4.4 shows that the intersection of the full subcategory generated by the cuspidal kL-modules with C C is trivial. By this we can in Theorem 1.5.4 reduce the L investigation of the structure of the endomorphism ring of a HarishChandra induced cuspidal module to the investigation of the structure of the endomorphism ring of the induce module in a subgroup. How this can be used to determine parameters of Hecke algebras and even the structure of q-Schur algebras is shown in Theorem 2.3.5 and Theorem 2.4.14. Furthermore, Theorem 1.5.5 gives an isomorphism of the endomorphism ring of the Harish-Chandra induction into G of a cuspidal module and the one into a subgroup G X of G. This theorem is a generalization of Steinberg's tensor product theorem for modules of the general linear w x groups as announced by Dipper in 11 . We derive from Theorem 1.5.5 an analogous version of Steinberg's tensor product theorem for unipotent Ž modules in non-describing characteristics for all classical groups see . Theorems 2.1.12 and 2.2.7 . Finally, in Theorem 2.5.5, the Harish-Chandra vertices of the l-modular unipotent modules with irreducible characters of the general linear groups are shown to be completely determined by their Green vertices. Such a Harish-Chandra vertex is just a minimal Levi subgroup containing a Green vertex of the module. w x Part I of this article is an extension of 25, Chap. 1 where the main theorems were proved under severe restrictions on the structure of the Ž considered subgroups of G in particular, Theorems 1.5.4 and 1.5.5 were . only proven for Levi subgroups of G . Except for Subsection 2.1, Section 2 Ž gives new results in particular demonstrating that it is useful not only to . consider Levi subgroups of G .
GROUPS WITH SPLIT BN-PAIRS
In the following we will use standard results of modular representation w x theory as they can be found, for example, in 7, 8 . Also, standard results of Ž the ordinary representation theory of finite groups with split BN-pair see w x. 6 will be assumed to be known, as well as the recent applications to w modular representation theory in non-defining characteristic in 27, 23, 24, x 11 , where many of the concepts and results from ordinary representation theory have been carried over.
We will explain the notation for each subsection separately. However, some notation will be used throughout the article.
Let G be a finite group with a split BN-pair of characteristic p for a prime p, satisfying the commutator relations. The Borel subgroup of G will be denoted by B, its monomial subgroup by N, its torus by T, the unipotent radical of B by U, and the Weyl group of G by W.
rT be a parabolic subgroup of W for some N X F N containing T. Then we call the group generated by N X and U a parabolic subgroup of G and denote the set of parabolic subgroups of G by P P . For G the maximal normal p-subgroup of P g P P we write U and call it the G P unipotent radical of P. Then U has a unique complement L such that L P contains T and L has a split BN-pair B l L, N l L with Weyl group W X . We call L the Levi complement of P and a standard Levi subgroup of G. The set of standard Levi subgroups of G will be denoted by L L . Every G subgroup of G conjugate to a standard Levi subgroup will be called a Levi subgroup of G.
If P and Q are elements of P P , D will denote a set of distinguished G P,Q double coset representatives. Ž . K,R,k will be an l-modular splitting system for G and all of its Ä 4 subgroups for a prime l / p and S will be one of the rings R, k .
The functors Harish-Chandra induction and restriction between two Levi subgroups L F M of G will be denoted by R M and T M , respectively. A definition via Harish-Chandra w x induction for irreducible modules if O is a field can be found in 27 . However, for irreducible modules both definitions are equivalent.
For H F G and an H-module V, we will denote the maximal submodule with trivial H-operation by Inv V. The induced G-module will be denoted to H by Y or Res G Y. The n-fold direct product of a group H will be H H denoted by H n , and the H n -module V m иии m V of H-modules V , V,
with natural H n -action, by V n . We write V ¬ V X if the module V is an isomorphic to a direct summand of V X . G R H will denote a set of right coset representatives of H in G and for another subgroup H X F G, H X R GrH will be a set of double coset representatives of H X and H in G. For an arbitrary integral domain O and some group H, we denote the Ž X . w X x X OH-rank of Hom V, V by V, V for two OH-modules V and V .
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Let M M be a set of l-subgroups of G. Let X be an SH-module. We write Ž . X as a sum of indecomposable SH-modules and define I I X to be the 
Preliminaries
In this subsection we will gather some preliminaries for the convenience of the reader. Some of them are well known. We will use these preliminaries in the remainder of this section without further reference as they are not the objective of this paper.
1.1.1. Notation. In this subsection, the following notation will be used. Let P be a parabolic subgroup of G with unipotent radical U and Levi
Let Y an indecomposable SG-module. As l / p, the set of U -trivial SP-modules constitute a set of l-blocks of P. Thus the maximal P U -trivial submodule of Y is a direct summand of Y and so T G Y s
the inflation of X to P is isomorphic to a direct summand of X P and so
L w x 1.1.3. The following situation was also investigated in 23, Sect. 2 . We have a special situation when inducing from L to P: Let U F U be P normalized by L and let X be the inflation of X to UL. Then D is also a
In particular, there is Green correspon-
Note that every standard Levi subgroup of G is a generalized Levi subgroup of G. We will see other examples in Section 2 of this paper. Ž . 
By the definition, P contains B , and thus is an element of P P by 8,
On the other hand, it P is clear that U X is a normal subgroup of P X and as the unipotent radical of
orders of subgroups, we find
Therefore the groups U Y and U X are equal.
P P
We know that the Weyl group 
Let D be a set of distinguished double coset representatives of P R
coset or it is empty. In particular we have that D l G X is a set of
distinguished double coset representatives of P R G rP .
Green Vertices of Harish-Chandra Induced Cuspidal Modules
While in general it is difficult to give exact information about the Green vertices of direct summands of induced modules, we can say much more in the case of Harish-Chandra induced cuspidal modules.
1.2.1. Notation. In this subsection, the following notation will be used. Let P be a parabolic subgroup of G with unipotent radical U and Levi 
x is contained in some Green vertex of Y for some x g N. Again, the assertion follows from the fact that the set of Green vertices of Y forms a full conjugacy class of subgroups of G. 
is central in SP and thus the U-trivial SP-modules constitute a set of w x l -blocks. According to 16, Lemma IV, 4.6 there exists an irreducible kP-module X in b with Green vertex D. Then X is U-trivial and by Lemma 1.2.4, X is U -trivial. As the U -trivial SP-modules also constitute P P a set of l-blocks of P, all the modules in b are U -trivial.
P
In special situations, Harish-Chandra induction and ordinary induction are directly linked via the projection I I:
Ž .
L D

XP
roof. Let X be the inflation of X to P and let X be the
where any indecomposable direct summand of X has a Green vertex Ž w x . properly contained in D see 7, Theorem 19.14 . Thus we have that 
the proposition follows.
Cuspidal Subgroups
In this subsection we introduce the notion of cuspidal subgroups of finite groups with split BN-pair. By considering vertices of cuspidal modules which are cuspidal subgroups of Levi subgroups, we can strengthen the results of Subsection 1.2.
1.3.1. Notation. In this subsection, the following notation will be used. Let P be a parabolic subgroup of G with unipotent radical U and Levi
and U [ U l G . We assume that C D FU and that L F U .
First we will extend the concept of cuspidality to subgroups of G.
We can now give a useful restriction for the normalizer of a cuspidal where x g D , l g L, and u g U .
According to 8, Theorem 69.16 v we can decompose P l P as follows:
.Ž .Ž .
. According to the definition of Ž . cuspidal subgroups, x is an element of N L . Thus we may assume that 
Thus, we get the desired result because this is true for 1 2 G any h g H:
It is well known how to describe centralizers of semi-simple elements in a finite group of Lie type. In many cases we can find Levi subgroups containing such centralizers. On the other hand the normalizers of l-subgroups play an important role in l-modular representation theory. Ž Now we can draw a corollary from Proposition 1.2.6 note that the . notation of this subsection is chosen as in Proposition 1.2.6 . Ž . 
[
Thus, by Lemma 1.2.2,
summand of I I I I R X
. For simplicity of notation we set
According to our assumptions, there is Green correspondence defined between Q and Q X with respect to 
what was to be shown.
Ž .
Remark. Obviously, the first equation in 3 is valid for any direct summand of R G X. Thus
M M H G H
for such a direct summand Y.
LEMMA. Let V be a SG-module with Green¨ertex D. Then
the other hand let Y be an indecomposable direct summand of I I V .
D P
Suppose that Y X has an indecomposable direct summand X which is P U X -trivial and has Green vertex D. Then Y is U-trivial by 1.2.4 and therefore
The next theorem is a first and weaker version of one of the two main results of this article.
we ha¨e a bijection of the indecomposable direct summands of
N G G X X Ž X G .
R X and those of R X, gi¨en by Y ª
Thus we can apply Proposition 1.2.6 and Lemma 1.3.5 by
By the remark following Lemma 1.3.6 we have that
On the other hand, from Mackey decomposition it follows that
where the equality holds because of
There exists a bijection of direct summands between I I R X
and
and get the claimed bijec-
In classical groups, L has the structure of a direct product of factors G and D has the structure of a direct product of factors
L acts modulo L by permuting isomorphic factors and
Remark 2. In Theorem 1.5.5, we will give a much sharper result about the connection between R G X and R
of endomorphism rings and thus obtain a reduction theorem for the determination of Hecke algebras, appearing as endomorphism rings of Harish-Chandra induced cuspidal modules.
Relati¨e Projecti¨e Maps
Now we will investigate relative projective maps between SG-modules with respect to subgroups H F G. The following subsection is closely w x related to 8, paragraphs 62A and 62B .
1.4.1. Let V be an SG-lattice and let H X F H F G be subgroups of G. We define the trace map
The image of Inv V under Tr will be denoted by V . More
Obviously, the trace map is transitive and additive, that is
S H H S
The trace map has a close relation with relative projectivity of modules: An SG-module V is relatively H-projective, if and only if the identity map
is an ideal of Hom V, V see 8, Lemma 62.1 ii .
S G r H S G
LEMMA. Let X and Y be SG-lattices and let Z be an indecomposable direct summand of X for a subgroup H F G. Suppose that Z is not
H relati¨ely H X -projecti¨e for a proper subgroup H X F H. If the restriction h to Z Ž . Z of h g Hom X,
Y is injecti¨e and its image is a direct summand of Y ,
Proof. An easy calculation shows that X can be embedded in X H such that the exact sequence
H splits when we restrict to H X .
. By 16, Lemma II, 3.13 there exists
Z into X and let be the projection of Y onto the direct summand
Then we get the following commutative diagram: Ž .
X
ii No indecomposable direct summand of V is relati¨ely H -projecti¨e.
Ž . Ž . iii V contains a direct summand of Y for e¨ery non-tri¨ial
Proof. According to the assumption there is an indecomposable direct The theory developed so far in this subsection obviously is valid for arbitrary finite groups. Now we will use the BN-structure of G to get the following. 
S L Then for any two direct summands V and V
X of X and X X , respecti¨ely, it follows that
Levi complement L and unipotent radical U .
G P
Mackey decomposition shows that
and a similar formula for X X holds. Thus there exists no non-trivial and non-injective homomorphism from an indecomposable direct summand of V into V X , and any of its indecomposable direct summands is not situation, if all the direct summands of V, X, and X X are irreducible on reduction modulo l.
Green Correspondence and Harish-Chandra Theory
Now we want to combine the results we have obtained so far to get two reduction theorems for the determination of Hecke algebras appearing as endomorphism rings of Harish-Chandra induced cuspidal irreducible modules. The reduction theorems are based upon a general result on endomorphism rings of Green correspondents. To apply it we need some additional notation.
If X is an arbitrary finitely generated SH-module such that any indecomposable direct summand has a Green vertex D X F D, we can define Ž Green correspondence from H to G summand-wise mapping summands . with Green vertices in X X to 0 . In a similar manner we can define
D, H
Green correspondence from G to H for finitely generated SG-modules with indecomposable direct summands with Green vertices D X F D. In the following we will understand Green correspondence in this slightly generalized way. In particular, if Y is a direct summand of X with Green vertex in X X , any direct summand of Y G also has a Green vertex in X X .
D, H D, H
Ž G . Thus the Green correspondent of X is isomorphic to the one of I I X .
Ž . We will denote by g X the SG-module which is the Green correspondent of X.
To prove the reduction theorem we need the following Ž . P is a parabolic subgroup of G with unipotent radical U .
g w x it follows that B s B . Thus P contains B . By 8, Theorem 65.13
Ž . Ž . U is a maximal normal p-subgroup of P which is a characteriz-P ing property of the unipotent radical of a parabolic subgroup. It follows g Ž . that U s U .
1.5.3. Notation. For our two main theorems, the following notation will be used. Let P be a parabolic subgroup of G with unipotent radical
. THEOREM. Assume that X is an irreducible kL-module or an RL-lift of an irreducible kL-module. Suppose that D is cuspidal in the Le¨i
In particular there exists an isomorphisms of rings
Proof. By Proposition 1.2.6 and Corollary 1.3.4 we have Green correspondence from H to G and that
From Mackey decomposition for Harish-Chandra induction and the cuspidality of X we get that
As a general result for a group with split BN-pair, the image of D P , P under the projection N ª W is a system of double coset representatives of
and thus the image of D l N L is a system of coset representatives
chosen the coset representatives in this way, we get that
Ž . and thus we can extent 6 to 
But the latter is just the Mackey decomposed module
From transitivity of the trace map it follows that
With additivity of the trace map we have now that
Again with additivity of the trace map, we have that 
and that
Similarly, for any two direct summands Y and
w x holds and thus, by 8, Theorem 62.13 for any two direct summands V and
However, the assumptions to get this result can be weakened to those made in Theorem 1.3.7.
Suppose that there exists no non-tri¨ial and non-injecti¨e homomor- of¨ector spaces
remains irreducible by Harish-Chandra induction to G.
Proof. We view an induced module M G from a subgroup H F G as the tensor product kG m M. We set
As a well-known fact, there exist an injection
. know that I I V s 0. Let X be the inflation of X to P and let X be any direct summand of X except of X has a Green vertex in X X .
D, G
Then the same is also true for any direct indecomposable summand of V. Thus we have that
SG L
and additivity of the trace map, it follows immediately that
On the other hand, we have seen in Proposition 1.4.4 that
It is easy to see from Mackey decomposition that in 11 , ␣ is relatively X X X-projective if and only if ␣ is relatively X X X X -projective.
Thus we have an injection
By the assumption N L F G , it follows from Mackey decomposition N and cuspidality of X that
an isomorphism. Moreover, we have an injection for any two direct summands V and V of R
which also becomes an isomorphism. Now let G X be a standard Levi subgroup of G. Let Y be a indecomposable direct summand of R 
In Section 2, several examples will be given to show that groups G X with properties as required in the last two theorems appear in a natural way in classical groups if we investigate unipotent cuspidal modules.
APPLICATIONS
Application to Linear Groups
As a first example we show now that the structures investigated so far are realized in general linear groups for unipotent l-modular cuspidal irreducible kG-modules.
2.1.1. Notation. The following notation will be used in this subsection.
Ž . Let G s GL q and let L g L L for q a power of p. For convenience we n G choose B as the upper triangular matrices in G, the diagonal matrices as T, and N as the monomial matrices. Then L consists of block diagonal matrices: We assume that
The following notion is taken from 17 . That it is helpful for any finite w x group of Lie type was shown in 2 . We define an l-modular G-block to be unipotent if it contains an ordinary unipotent character and any irreducible kG-module in a unipotent block is called unipotent, too. A similar notation will used for any finite group of Lie type.
Let X be an irreducible unipotent kL-module or an RG-lattice with irreducible character in the principle block. Let D be an l-subgroup of G. The order of q modulo l will be denoted by e. w x Ž . In 23, Sect. 7 it was shown that kGL q has an irreducible cuspidal n i i Ž unipotent module if and only if n is equal to 1 or to el for i g ‫ގ‬ we set i . w x 0g‫.ގ‬ Also in 23, Sect. 7 it was shown that this module is the irreducible quotient of the unique direct summand of the reduction modulo l of a projective RL-lattice for the Gelfand᎐Graev character, lying in a unipotent block of L. We can write X s X m иии m X for irreducible 1 s Ž . unipotent kGL q -modules, respectively RG-lattices with irreducible n i character in the principle block, X , inflated to L. It turns out that the i character of X is a composition factor of the reduction modulo l of the i Ž . Ž Steinberg character of kGL q indeed, the Steinberg character is the n i w only unipotent constituent of the Gelfand᎐Graev character; see 6, Sect.
x. 12.1 . 
Thus we get the desired result
If n is a positive integer, we denote the highest power of l dividing n by n . 
Ž .
Considering the operation of S on A n r e , we have a central element l n r e a g A S with the desired properties. 
LEMMA. Suppose that D is a Sylow l-subgroup in C D D and that
COROLLARY. Let e di¨ide n. Let D be a Green¨ertex of X and suppose L is a minimal standard Le¨i subgroup of G containing D. Then X is a direct summand of the Harish-Chandra induction of an SL-lattice.
w x Proof. This follows from Corollary 2.1.6 and 23, Proposition 2.5 .
As a special case of Corollary 2.1.7 we have
THEOREM. Let e di¨ide n. Let D be a Green¨ector of X. If X does not appear as a direct summand of a Harish-Chandra induced module from a proper Le¨i subgroup, then D is cuspidal.
Remark 1. If X is a cuspidal irreducible unipotent kG-module, n is equal to 1 or equal to el i . In case n s 1, trivially a Green vertex of X is Ž w x. cuspidal in G. Otherwise, block theory for general linear groups see 17 shows that the Steinberg character, and therefore X, lies in the principal block. Obviously, a cuspidal module does not appear as the direct summand of a Harish-Chandra induced module from a proper Levi subgroup. It follows that a Green vertex of X is cuspidal in G.
Remark 2. The defect groups of the principal block of the group G are the Sylow l-subgroups of G. If l ) n then such a Sylow l-subgroup is w x abelian and 31, Corollary implies that it is a Green vertex of every irreducible kG-module in the principal block. Howver, this is not true in w x general. In 25 the results above were applied to the special linear group S, viewed as a normal subgroup of G, to determine how the irreducible unipotent kG-modules split under restriction to S and to give a complete reduction for the decomposition numbers of the unipotent blocks of S to those of G. It turned out that a Green vertex D of a cuspidal irreducible unipotent kG-module is contained in the group SZ, where Z is the center of G. Thus for n s l i , i G 1 and e s 1, D is a proper subgroup of a Sylow l-subgroup. These results will also be published in a forthcoming paper w x 26 .
2.1.9. Notation. For the remainer of this subsection we assume L to be isomorphic to
with n s 0 for e s 1. Let X be an irreducible cuspidal unipotent y1 kL-module or an RL-lattice with irreducible character in the principle block of L, not appearing as the direct summand of a properly HarishChandra induced lattice. In both cases let D be the Green vertex of X. We will consider the following standard Levi subgroups of G containing L,
Ž . where the direct factors of L, isomorphic to GL q , constitute a torus of
el n i
To apply Theorem 1.3.3, it is important to control the centralizer of the l-group. This is easy in the present example as the next proposition shows.
Ž . 
Y is a proper standard Levi of G, and it i obviously satisfies the prerequisites of Theorem 1.5.5. This gives us a vertion of Steinberg's tensor product theorem for unipotent characters. Ž that a similar result also holds for the special linear groups and it is even valid for any group of type A , as can be proven with a generalized theory n . of Green vertices, applied to Harish-Chandra theory .
THEOREM. There exists an isomorphism of algebras
End Y R L Y X , End R G X . Ž . Ž .
Application to Classical Groups
The results on the linear groups can be transferred to other classical groups.
2.2.1. Notation. In this subsection the following notation will be used. Again let q be a power of p and ‫ކ‬ the field with q elements. We denote q Ž . by G q one of the following groups n Ž .
Ž . a The symplectic group Sp q , for a non-degenerate symplectic n form on a vector space V of even dimension n over the field ‫ކ‬ with q n G 2.
Ž .
Ž . b The orthogonal group O q , for a quadratic form of maximal n Witt index of a vector space V of odd dimension n over the field ‫ކ‬ with q n G 3 and q odd.
Ž . c The unitary group GU q , for a non-degenerate unitary form of n a vector space V of dimension n over the field ‫ކ‬ 2 with n G 1. As we see in the next paragraph, it will be sometimes convenient to 2 
consider q instead of q in case that G q is the unitary group. Therefore n Ž .
Ž . Ž . we set ␦ s 1 in case of a and b and ␦ s 2 in case c . Moreover, we will denote by e by order of q ␦ modulo l.
For simplicity of notation, we concentrate on those groups where Theorems 1.5.4 and 1.5.5 can be applied with respect to subgroups G X which Ž . have the sturcture of direct products of groups G q . For special orthogom nal groups or conformal orthogonal groups, the groups G X still can be Ž . described. However, they have a structure less directly related to G q n and the necessary additional notation would obscure the results for the reader.
Ž . Like the general linear groups, the group G [ G q has natural matrix n representation. To make the following arguments easier to understand we choose one in such a way that the BN-structure of G becomes most transparent:
We assume in case a that the symplectic form on V is induced by the
Ž . In case b the quadratic form on V is induced by the matrix J . 
In these cases we define G q as
where A denotes the transpose of the matrix A. In case c let x s Ž . Ž . x, . . . , x and y s y , . . . , y be in V. The non-degenerate unitary form
. Then GU q is the group of
In the following we shall have to do some calculations in the matrix groups as defined in 2.2.2. For this we will first describe how a
let a be an element of L. We can assume n F n for all i. Then we may as an s q 1 -tuple a , a , . . . , a with a g G q and a g
We assume a to be given as a matrix, in particular a with a 
where r s Ý n and r s n y 2 r q n . Obviously, a has an eigen- 
Proof. Only the inequality has to be proved. But it is obvious by the fact that the element a from 2.2.5 has no eigenvalue equal to 1 and i Lemma 2.1.2:
We have almost proved the following Theorem 2.2.7, which is analogous to Theorem 2.1.12, that is, a generalization of Steinberg's tensor product theorem for classical groups. With regard to the fact that for an R-lift X Ž . of X if one exists , any Green vertex of X is contained in a Green vertex Ž . of Y this is easily seen , we can prove the theorem also for X.
THEOREM. There exists isomorphism of algebras
As X is irreducible, the assertion follows from Theorem Ž . b or if the order of yq modulo l is even in case c , respectively. We call the non-linear odd primes unitary ones. w x For linear primes, it was shown in 24, Theorem 4.11 that every Ž . irreducible cuspidal unipotent kG q -module is the reduction modulo l m Ž . of an irreducible cuspidal unipotent kG q -modulo. Furthermore, all m Ž these modules are projective this also holds for the orthogonal groups . because we assume that l / 2 . Thus the torus is a minimal Levi subgroup containing a Green vertex of such a module as this Green vertex is the trivial group. It turns out that we can restrict the centralizer of D to a standard Levi subgroup of G as follows. 
COROLLARY. Let l be a linear prime for G and let
4 Ž e ␦ . ues are , , . . . , for a root of unity of order q y 1 \ t by l Lemma 2.1.3. Ž . Ž .
X
In cases a and b , the eigenvalues of a are the inverses of those of a .
Thens1 ' Ž . 0 modulo t. Now, l and q have no common divisor and because i y j -e, the same holds for q iyj y 1 and l. Thus
As l / 2, it follows that
Ž . the latter is a contradiction to i y j -e.
Ž . was given. In 25 the groups of type D and D were also treated in a n n completely analogous way.
Application to Hecke Algebras of Type B
w x In 24, Sect. 3 l-modular Hecke algebras were investigated and it was shown how they appear as endomorphism rings of Harish-Chandra induced cuspidal modules. A closer look was taken of Hecke algebras of type B.
In short, a Hecke algebra H H \ H H of type B over a ring S is defined as S, n follows: Let W be the Weyl group of type B , that is, the wreath product 
We call the q 's the parameters of H H. We can attach the parameters to the j Dynkin diagram of W , thus describing the complete structure of H H:
However, the parameters q and q are equal if s and s are conjugate 
Proof. All Sylow l-subgroups of L are conjugate; therefore it is enough to show the assumption for one of them. Furthermore, for a Sylow
w x As was shown in 32 , the fact that l is a unitary prime is equivalent to fact that any Sylow l-subgroup of G is also a Sylow l-subgroup of Proof. We have to show the indecomposability of R G X, which is L G w x equivalent to R X being no semi-simple by 24, Lemma 3.16 . By 2.2.6 we 
The unique unipotent constituent of the Gelfand᎐Graev character is the Steinberg character. Thus one of the direct summands of R G X lies in the L w x same block as the Steinberg character. In 6, Section 13.8 the unipotent w x ordinary characters were described and in 17, 18 , the distribution of ordinary characters into blocks was determined. In case n s el i , it follows from this, that the Steinberg character lies in the principal block. Now we can use a similar argument as in Theorem 2. Remark 1. We recall that e is the order of q ␦ modulo l. This means Ž . Ž that in the case of G s GU q and l / 2 divides1 in particular, l is n . a unitary prime for G , all the parameters q of Hecke algebras, appearing 0 as endomorphism rings of induced cuspidal irreducible unipotent modules, w x are equal to y1. Thus 24, Theorem 4.12 can be applied to any such prime and we have a labeling of the cuspidal unipotent kG-modules as well as a description of the distribution of unipotent irreducible kG-modw x ules into Harish-Chandra series. As was shown in 23, Subsection 6.6 the irreducible unipotent Brauer characters can be labeled by partitions of n such that the decomposition matrix becomes triangular. We call a partition Ž n 1 n s . s 1 , . . . , s a-regular, if n F a for every j. Then we can decompose theory of classical groups for all unitary primes appears to be similar and the case l ¬1 is the one where defect groups of blocks have the most complicated structure, this case should be quite characteristic. So it is justifiable to work on this case explicitly.
Ž .
2.4.1. Notation. In this subsection let G [ GU q and let l be odd
Let L be a standard Levi subgroup of G with
Moreover, we denote the set of all standard Levi subgroups of G of the form 13 by S S. Let St be the unique unipotent quotient of a projective RL-lattice V for the Gelfand᎐Graev character, named the Steinberg lattice. As already mentioned in Subsection 2.1, the character of St is the Steinberg character. We denote the reduction modulo l of St by St. If we refer to Steinberg lattices of various elements of S S , we denote them by a lower left indices. We will investigate the algebra
To do so we will have to consider the following groups. Let A be a Sylow l-subgroup of the torus T of G. Let
be such that G X contains the centralizer and H the normalizer of A in G Ž X compare 2.2.5, as one can see immediately, G and H are well defined by . these requirements . We denote the set of l-subgroups of H containing A by M M.
In the remainder of this subsection we will show that via Green correspondence we have an isomorphism between A A and the endomorphism ring of modules induced from G X to H. Moreover, the decomposition matrix of the latter will be easy to compute. w x 2.4.2. A A is a q-Schur algebra as defined in 21 . The decomposition matrix of this algebra contains as a submatrix the decomposition matrix of the Hecke algebra with the same parameters and the isomorphism class of projective modules of the Hecke algebra can be naturally identified with a subset of the isomorphism classes of projective modules of the q-Schur algebra. Thus we also determine the Hecke algebra with parameters q s y1 and q s 1. 0 1
We will need some preliminary considerations, well known for the linear groups.
Obviously, the unipotent quotient of the Harish-Chandra induction of V is isomorphic to the Harish-Chandra induction of the unipotent quotient Ž w x . of V for the notion of unipotent quotients, see 27, Sect. 6 . Thus any direct summand of R G St is the unipotent quotient of its projective hull. In We remark that by definition there is Green correspondence defined between H and G with respect to any l-subgroup of H containing A by Lemma 2.4.3.
LEMMA. Let X be an SH-lattice with Green¨ertex D and let Y be an indecomposable direct summand of X G with a Green¨ertex containing A. Then Y is isomorphic to the Green correspondent of X in G.
Ž Proof. Let S be a Sylow l-subgroup of a maximal group in S S the latter is a standard Levi subgroup of G whose Weyl group is isomorphic to Ž . the symmetric group of degree nr2 or n y 1 r2, depending on whether n . is even or odd . By Lemma 2.4.3, we can define Green correspondence between H and G with respect to S as well as with respect to any subgroup of S containing A. For any group S l S g containing A, we w x know g g H. Thus the assertion follows from 7, Theorem 20.6 , observing that the Green correspondents of X with respect to both Green correspondences are isomorphic.
2.4.5. LEMMA. We ha¨e that
Inductively we know that R S t sI I R S t and thus 
K T K T
As the degree of the Steinberg character is prime to l, St has the Sylow l-subgroups of L as Green vertices. In particular, there exists a subgroup of H containing A which is a Green vertex of St. Thus we want to w x determine the R H l L -module which is the Green correspondent of St. Lemma 2.4.7 will now be used to determine an RH-module whose endomorphism ring is isomorphic to A A. The Green correspondent of St in the categories of RH-modules will be denoted by .
2.4.8. Let P g P P have Levi complement L and unipotent radical U . L running through all the elements in S S. This can be completely done by Ž computations within the symmetric group and is an easy exercise it is completely analogous to the determination of the decomposition matrix of . RW for l s 2 . Levi complements L and M, respectively. Mackey decomposition
Let
shows that any indecomposable direct summand of T G V has an L L-vertex M 2 contained in a standard Levi subgroup conjugate in N to L. Moreover, as V is isomorphic to a direct summand of T G R G V , there must exist an
We want to investigate the L L-vertices of irreducible unipotent Ž . kGL q -modules and RG-lattices with irreducible unipotent characters. Remark. It can be shown by a more thorough investigation that the determination of L L-vertices of irreducible unipotent kG-modules is equivalent to the determination of Green vertices in symmetric groups. However, the latter problem seems to be highly non-trivial in general. On the other hand, for l ) n it is trivial and in this case we can easily determine the L L-vertices by Theorem 2.5.5. 
w x
In 25 , results about Green correspondence between a classical Group Ž . G s G q and a suitable subgroup were derived, from which it is easy to n see that Theorem 2.5.5 is also valid in this case. On the other hand, it follows immediately from Lemma 2.3.4 that for unitary primes and e ¬ n the centralizer in G of a Sylow l-subgroup of a proper Levi subgroup L contains an l-element outside L. Thus for any X in the principal block the L L-vertex is G. If e is not a divisor of n, one just has to investigate the minimal Levi subgroup containing a Sylow l-subgroup of G for an analow x gous result. For arbitrary unipotent blocks one can use 18 to see that the L L-vertices are rather large, too, except for blocks of projective irreducible modules.
